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We determine all possible torsion groups of elliptic curves E with integral 
j-invariant over pure cubic number fields K. Except for the groups Z/22, Z/32 and 
Z/22 @ Z/22, there exist only finitely many curves E and pure cubic fields K such 
that E over K has a given torsion group E,, (K), and they are all calculated here. 
The curves E over K with torsion group E roOR( K) r Z/22 0 Z/22 have j-invariants 
belonging to a finite set. They are also calculated. A preliminary report on the 
results obtained was given by H. H. Miiller, H. Stroher, and H. G. Zimmer (in 
“Proceedings, Intern. Numb. Th. Conference at Lava1 University, Quebec, Canada, 
1987” (J.-M. DeKoninck and C. Levesque, Eds.), pp. 671-698, de Gruyter, Berlin/ 
New York, 1989). 0 IWO Academic Press, inc. 
1. INTRODUCTION 
Let 
E: Y2+a,XY+a,Y=X3+a2X2+a,X+u, l”i E K, 
be an elliptic curve in generalized Weierstruss normal form defined over an 
algebraic number field K We denote by A the discriminant and by j the 
absolute invariant of E over K (cf. [12, 16, 17,211). Two elliptic curves 
E, E’ over K, given in generalized Weierstrass normal form 
E: Y2+u,XY+u3Y=X3+u2X’+u4X+u, t”i E Q 
E’: Y’2+u’,X’Y’+u;Y’=X’3+u;X’2+u;X’+u;, (4 E K), 
are said to be birutionully isomorphic over K (cf. [6, 16, 17, 21]), if there 
are r, s, t, u E K, u # 0, such that 
X= u’x’ + r, 
Y=u3Y’+su2X’+t. 
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Then we have 
and 
u”c:, = C4) u”c; = cfj 
jE= j,.. 
By application of a birational isomorphism, the curve can be transformed 
into short Weierstrass normal form (cf. [ 12, 16, 17, 211) 
E: Y2=X3+AX+B, (4 BE m 
with (modified) discriminant 
A,:=4A 3 2 1 +27B =-GA 
and absolute invariant 
j  := 123 4A’. 
A0 
We consider the abelian group of rational points of E over K 
E(K):={P=(x,y)~K~(y~=x~+Ax+B}u{0}, 
where the point at infinity 0 = (co, co) serves as the neutral element of 
addition. By the Mordell-Weil Theorem (see [l, 6, 16, 21]), this group is 
finitely generated so that we have 
with the finite torsion group E,, (K) and the rank r E N, of E over K. Our 
aim is to determine the torsion groups 
of all elliptic curves E with integral j-invariant over pure cubic fields K. For 
the rational number field K := Q as basic field of E, the corresponding 
result is classical (cf. [5]). In the case of quadratic number fields K as basic 
fields for E, the analogous task was solved recently (see [lO-123). In this 
case, the only torsion groups which can occur are of isomorphism type 
Z/nZ for nE (1, 2, 3,4, 5, 6,7, 8, 101 
Z/22 0 Z/mZ for mE{2,4,6) 
z/32 Q z/32 
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In particular, there are only finitely many elliptic curves E with integral 
absolute invariant j over quadratic fields K having a torsion group of order 
and isomorphism type 
&OAK) g WZ 0 WZ. 
For the isomorphism type excluded, there are only finitely many associated 
absolute invariants j. Moreover, those elliptic curves E with integral 
invariant and torsion group of order >3 are defined only over finitely 
many quadratic fields K, viz. 
K= Q(,,% for -31 GDD593. 
Our aim is to establish a similar result for curves E over pure cubic fields 
K. This requires a detailed knowledge of the arithmetic of K. 
2. S-UNITS AND EXCEPTIONAL S-UNITS 
First we shall recall that there are only finitely many exceptional S-units 
in an algebraic number field K. This result will enable us to show in the 
next section that, over any fixed algebraic number field K, there exist only 
finitely many elliptic curves having a given torsion group and an S-integral 
absolute invariant j. 
We denote by L’, the set of all places of the number field K. For a finite 
subset Y of places of ZK containing the infinite ones, we take the comple- 
ment S = EK\Y of Y in C, and denote by O(S) the ring of S-integers and 
by U(S) the group of S-units in K. A number E E K is said to be an excep- 
tional S-unit with respect to a given y E K\(O) if E, E - y E U(S) and an 
exceptional S-unit if E is an exceptional S-unit with respect to y = 1. 
Of fundamental importance in what follows is the Theorem of Dirichlet- 
Hasse-Chevalley on S-units stating that the group of S-units of a number 
field K is finitely generated (see [ 18]), 
U(S) z wx zs- l, 
where W is the group of aN roots of unity in K and s = (9’1 is the cardinality 
of the exceptional set Y. Specifically, this theorem asserts the existence of 
a system of s - 1 fundamental S-units 
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such that every S-unit in K has a unique representation of the form 
with a root of unity 5 and rational integers pi. 
The finiteness of the set of exceptional S-units of a number field K can 
be derived from the Theorem of Siegel-Mahler on S-integral points (see 
[8,9]). We quote this theorem only in the special case required for our 
purposes. 
THEOREM 1. Let K be an algebraic number field. Then the diophantine 
equation 
ax3 + /3Y3 = y, 0 f 4 A Y E K 
has only finitely many solutions (x, y) E O(S)*. 
Instead of Theorem 1, we shall require in the sequel only the following 
fact which can be easily derived from it. 
THEOREM 2. In any given algebraic number field K, the set of all excep- 
tional S-units with respect to a y E K\(O) is finite. 
Proof: This theorem is known (see [S 3). For the sake of completeness, 
however, we show how it follows from Theorem 1. 
Since 
we see that all exceptional S-units with respect to y E K\(O) yield a 
solution of the equation 
&+&‘=y (1) 
with E, E’ E U(S). Hence, it suffices to show that there are only finitely many 
solutions E, E’ E U(S) of (1) in K. By Theorem 1, we know that E and E’ 
admit unique representations of the form 
with roots of unity 5, {’ in K and 
We put 
rational integers pi, oj (i, j = 1, . . . . s - 1). 
with 0 G pi, vj G 2, 
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By varying pi, vj (i, j, . . . . S- 1) in the first two equations, we see that 
Eq. (1) may be replaced by 32(“- ‘) equations of the form 
cfx3 + BY’ = y. (2) 
Now let w  be the number of roots of unity .in K. Then, by varying < and 
l’, we get 32(S-‘). w2 equations of form (2). By Theorem 1, each of these 
equations has only finitely many S-integral solutions in K. Hence 
Theorem 2 follows. 
3. PARAMETRIZATIONS 
Now, we return to elliptic curves. Our interest focuses on those curves 
having S-integral absolute invariant and certain given torsion groups. 
Employing the so-called Kubert E(b, c) normal form (see [7, 141) we get 
the following result which is fundamental for our purposes. 
THEOREM 3. Let E be an elliptic curve over K whose absolute invariant 
j is S-integral. Then, for a given torsion group, up to isomorphism, we have 
exactly the following parametrizations with P = (0,O) as a point of maximal 
order. 
1. E,,(K) 2 Z/22, 
E: Y2 = X(X2 + a,X+ a4), a2,a4cK,a4#0. 
For the twist of E 
Ed : Y2 = X(X’+ a,dXf a,d2), dEK”, 
we put 
2 
d:=a;‘, a2 c:=--, b:=c-4, 
a4 
and E := 24b. Then 
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2. E~oR(K) a Z/22 Q z/22, 
E: Y* =X(X+ r)(X+ s), r, s E K, r # s, r, s # 0. 
Then E is birationally isomorphic to 
E’: Y* = aX(X-- 1)(X-p), aEKX, pEKX\(l}. 
We put E := 24p. Then 
jE O(S) 0 
(1) Oq,(~)<8q,(2) 
(2) O<u&-16)<8up(2) fora” pES’ 
3. E,,(K) >, Z/42, 
E: Y*fXY-bY=X3-bbX*, bEKX; 
we put E := b-‘. Then 
jsO(S)- 
(1) 0 < up(E) G 8uJ2) 
(2) Oq&+16)<8vp(2) fora1i pES* 
4. &-OR(K) 2 Z/8% 
E: Y*+(l-c)XY-bY=X3-bX*, bEK’,cEK, 
where 
c= (2d- l)(d- 1) d-1, dEKX,b=cd; 
we put E :=d-‘. Then 
jEO(S)* 
(2) O<u,(2--E)<h&!) 
(3) Cl- 8) E U(S) 
(4) 0 < u,,(E~ - 8~ + 8) < k+,(2) 
if p(2andpES. I 
(1) wU&)<;q2) 
for all pES 
5. Em(K) 2 2122 0 Z/42, 
E: Y2=X(X2+2(a2+1)X+(a2-l)*), aEK\(O, +I); 
we put E := 2*a. Then 
je O(S)0 
(1) O~~Jc)~4up(2) 
(2) 0 6 U,(E* - 16) < 8uJ2) 
for all p E S. 
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6. &OR(K) 2 Z/42 Q Z/42, 
E: Y2 = X(X2 + 2(a2 + 1) x+ (a2 - 1)2), aEK\{Q +q, 
furthermore, fi, &e K, we put E := 22a. Then 
jE O(S)- 
I 
(1) O+(4<4v,(2) 
(2) O+,(E~-16)<8v,(2) fora 4Es’ 
7. ETOR(K) 2 Z/22 Q Z/8Z, 
E: Y2+(1-c)XY-bY=P-bbX2, bEKX,cEK, 
where 
c=(2d-l)(d-l)d-1, dEK, 
b=c.d, 
d=E(8e+2)(8&2-1)-1, EEK, 
andd(d- 1)(2d- 1)(8d2-8d+ l)#O. Then 
i 
(1) -2~,(2)qd&)<O 
jcO(S)* 
(2) t’J8c + 2) = u,,(2) 
(3) -u,(2)1up(2&+1)9up(2) foral PES 
(4) -o,(2) < u,(~E~ - 1) < $ v,(2) 
8. &OAK) > Z/3& 
E: Y2+cXY+c2Y=X3, CE K”; 
we put .s :=c-27. Then 
ic O(S) * 0 < UJE) ,< 6u,(3) for all p ES. 
9. EToR(K) > Zj9Z, 
E: Y2+(1-c)XY-bY=X3-bX2, bEKX,cEK, 
where 
c=&(d- l), E E K, 
d=e(e- l)+ 1, 
b=c.d. 
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Then 
je O(S) * 
i 
(1) EE U(S) 
(2) E - 1 E U(S). 
10. EToR(K) > Z/32 @ Z/32, 
E: Y2=X3+AX+B, A, BE K, 
where 
-A = 3(cr4 + 8a), 
-B=2(a6-20a3-8), 
and J-3 E K; we put E := 3a. Then 
(1) &EO(S) 
jE O(S)0 (2) 0 <II&~ - 27) < 6uJ3) 
(3) 0 <U&E - 3) < 3uJ3) 
for all p l S. 
11. Em(K) 2 Z/62, 
E: Y2+(1-c)xY-c(l+c) Y=X3-c(1+c)X2, CEK\(O, -11; 
we put E := c-l. Then 
(1) 0 <up(e) < 20,(3) 
(2) 0 < u,(l + E) < 3u,(2) 
forall pES 
jE O(S)- (3) (a) u,(9 + E) = 0 for pl6andpeS 
(b)u,(9+~)=up(l+~) for p (2andpcS 
(cl &(9 + 8) = Up(&) for p ( 3andpcS. 
12. EToR(K) > Z/122, 
E: Y’+(l-c)XY-bY=X3--X2, bEK’,cEK, 
where 
d=m+t, f=m(l-t)-‘,tEK\{O, 11, 
c=f(d- I), b=c.d, 
m= -(t2-3t+l)(t-1)-l; 
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we put 8 := t-‘. Then 
((1) 0 i Up(E) < v,(2) + ; u,(3) for all PE S 
jEO(S)* 1 (2) E-lEU(S) (3) (a) D,(E - 2) = 0 for pj2andPES 
( @bp(--2)=u (8) P for p (2andPES. 
13. &OR(K) 2 Z/22 @ Z/62, 
E: Y2+(1 -c)XY-bY=X3--X2, beK”, c&l\{O, l}, 
where 
b=c(l +c), 
c=(lO-2a)(a2-9)-l; 
weput &=a--. Then 
(1) o,(2) G up(e) < 3u,(2) 
(2) u,(2) G v,(& + 4) < 3uJ2) + u,(3) 
jE O(S) 0 (3) up(2) i U,(E - 2) <u,(2) + u,(3) for all p E S. 
(4) u,(2) G U,(E - 4) G 3u,(2) 
(5) u,(2) G Up(E - 8) < 3u,(2) + u,(3) 
14. E TOR 2 z/5z, 
E: Y2+(1--b)XY-bY=P-w, bEKX; 
we put E = b. Then 
jE O(S)- 
1 
(1) EEW) 
(2) 0 < Up(E2- ll~-l)<3up(5) forall pES. 
15. EToR(K) 2 Z/lOZ, 
E: Y’+(l-c)XY-bY=X3-bX2, beK”, ceK, 
where 
b=c.d, c=f(d- l), 
d=f”(f -(f -l)2)-‘, ~EK~; 
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weput ~:=f-‘. Then 
i 
(1) 0 G Up(&) < u,(2) 
jEO(S)=> (2) O~Up(E-2)~Up(2) 
for all PES 
(3) (1 -E)E U(S). 
16. Em&Y) a Z/72, 
E: Y2+(1-c)XY-bY=X3-~bX2,b~~x,~~~, 
where 
b = d2(d- l), 
c=d(d-l), dEK\fO, I>; 
we put E = d. Then 
jE O(S) a 
{ 
(1) EEW) 
(2) & - 1 E U(S). 
17. ETOR(K) > Z/llZ, 
E: Y2+(1-c)XY-bY=X3-M’2, bEKX,cEK, 
where 
b=c.r, c=s(r- l), 
r = r, + 1, s = s, + 1, 
rl = llr2, s1= @2, 
r2 = l/u, s2 = u/u, 
u = (a> u2, u=($)u2-f. 
Then 
i 
(1) 0 G up(u2) < 2u,(2) 
(2) 0 < u,(uz - 4) 6 2u,(2) 
jE O(S) * (3) up(u2 - 4) = (3 vJu2) for all j3c S 
(4) up(u2 + 4) = ($1 qu2) 
(5) u,(u2 - 4 + 2~~) = (3 up(u2). 
This theorem served as a basis of a corresponding investigation in [ 121. 
Its proof is to be found in [12] (cf. [lo, 151). 
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As a consequence of Theorems 2 and 3, we get 
THEOREM 4. There are only finitely many elliptic curves E over a fixed 
number field K having S-integral absolute invariant j and a torsion group 
containing (up to isomorphism) one of the following groups: 
and there are only finitely many S-integral absolute invariants j E K such that 
an associated elliptic curve E over K has a torsion group containing (up to 
isomorphism) the Klein four group: 
E&K) 2 Z/22 0 Z/22. 
Proof’ We present here the proof of the case 
Em(K) 2 Zl% 
the remaining cases being treated similarly (cf. [ 15)). By Theorem 3, case 
14 (1 ), (2), we must show that there are only finitely many E E K satisfying 
the conditions 
(1) EE U(S), 
(2) 0,<v,(s2-11~--1)<3v~(5) for all,pES. 
Let us consider the .number field K’ := K(d) and define 9’ to be the 
finite set of places of K’ containing all extensions to K’ of the places in Y 
and the (nonarchimedian) places of K’ lying over 5. We put 
S’ := C,.\Y’. 
In K’ the factorization 
1 As the referee observed, a simple proof of this theorem could also be given by studying 
the modular curves X,(n) for the corresponding orders n. 
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holds. Theorem 2 implies that there are only finitely many E E K’ satisfying 
EE U(S), E-y&/hU(S~). 
Since KG K’, we conclude that there exist only finitely many E E K satisfy- 
ing conditions (1) and (2). 
4. PURE CUBIC NUMBER FIELDS 
Now we shall restrict ourselves to considering pure cubic fields K as 
basic fields for our elliptic curves E. Let D be a positive cube-free integer. 
We may write D = ab’ for square-free integers a, b such that a, b > 0 and 
gcd(a, b) = 1. 
The field K = Q( #?) is called a pure cubic number field. Since the pure 
cubic fields Q(w) and Q( .$%) are identical, there is no loss of 
generality in assuming that a > b. The elements 1, w, fl form a 
Q-basis of K. Hence, every x E K has a unique representation of the form 
x=a+/?$z+yJFb, 
where c(, /I, y E Q. Therefore, the norm of x with respect to K/Q is 
N(x) := N&x) = a3 + P3ab2 + y3a2b - 3a&zb. 
Following Dedekind (see [3]), we define a pure cubic field K = Q(@) 
to be of 
Dedekind type I 
Dedekind type ZZ 
For the determination of elliptic curves with integral j-invariant and non- 
trivial torsion group over a pure cubic field K it will be necessary to 
acquire an explicit knowledge of the maximal order O,, the discriminant 
A,, and the set of all places C, of K. 
Dedekind obtained the following results (see [ 31). 
THEOREM 5. Let K = Q( $%) be a pure cubic field. 
1. If K is of Dedekind type I, it has an integral basis of the form 
{ 1, Jz, $5, 
so that each x E 0, has a unique representation of the form 
x=a+j? $G?+r $S, 
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where a, B, y E Z. The discriminant AK of K is 
A, = -3(3ab)2. 
2. If K is of Dedekind type II, it has an integral basis of the form 
(Y, Jz 3/;;‘7;) with ~=f(l+a@+b,$&} 
so that each x E 0, has a unique representation of the form 
x=;{a+/3$z+y$Tb}, 
where ct, j3, y E Z and a E a/3 s by mod 3. The discriminant A, of K is 
AK = -3(ab)2. 
Further, we shall need to know the decomposition behaviour of a 
rational prime p in a pure cubic field K. A complete description of this was 
also given by Dedekind (see [3]). 
THEOREM 6. In a pure cubic field K= Q( ,@?), a given prime number 
p E Q decomposes as follows: 
1. If p j 3ab, then 
{;J’A’~ } . {;;d==;yWll)=p1} 
P=PI.PZ.PS wtthnorm NP~)=NP,)=N(P,)=~ 
according as 
p= -1 mod3 
p E 1 mod 3 and ab2 is a cubic residue mod p . 
pz1mod3andab2 is not a cubic residue mod p 
2. If p ) ab, then 
pSP3 with N(p) = p. 
3. If p = 3 and ab f 0 mod 3, then 
{$Jwithnorm{$j:;(P2)=3} 
according as 
K is of Dedekind type I 
K is of De&kind type II * 
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5. REDUCTION THEORY 
We now denote by 
K a number field with discrete additive valuation u, 
K, the completion of K with respect to u, 
R, the corresponding valuation ring, 
pV G R, the maximal ideal of R,, 
1, := R,/p, the residue field of K, of cardinality 
IL”1 = 4, = PG” 
for the prime pv such that p, 1 p”, wheref, is the residue degree and e, the 
ramification index. 
Note that we have the inclusions 
KrK,*E(K)cE(K,). 
An elliptic curve E over K, in generalized Weierstrass normal form is said 
to be u-minimal if 
v(d) 2 0 is minimal subject to u(a,) > 0 (i= 1, 2, 3, 4, 6). 
N&on and Tate [13,17] have shown that a u-minimal equation for E 
always exists and is unique up to birational isomorphisms defined over R,. 
Suppose now that E is given in u-minimal Weierstrass normal form over 
K,. Then, if E has good, multiplicatiue, or additive reduction mod p, (cf. [6, 
13, 16, 17, 21]), it follows that u(j)>,O, ~0, or >/< 0, respectively. Since 
we shall consider elliptic curves E with integral j-invariant only, our curve 
E has either good or additive reduction mod p,. 
We introduce the reduced curve E given by 
E: Y2+a”,XY+li,Y=X3+a”2X*+d4X+a”6 (4 E E”) 
and take the reduction map 
p: E(K,) -+ E(i;,). 
Let us denote by &(&) the non-singular part of E(K,) and by E,(K,) the 
inverse image of &(&) with respect to p. 
By work of Niron (see [13, 16, 171) we know that 
(a) &(k,) is an algebraic group, 
(b) E,(K,) < E(K,) is a subgroup of finite index, 
Cc) P: &AK,) -+ &A~,) is an epimorphism of groups. 
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Furthermore, Niron (see [13, 16, 17)) gives a complete classification of 
the reduction behaviour of E. The curve 
E has {~~~~;ultiplicative} reduction mod pv 
if and only if 
Jw”) 
E(J(EJz E,x 
i 1 E; 
= &, is non-singular and hence elliptic 
o ,!? is singular and has a node (with rational tangents) . 
is singular and has a cusp 
Moreover: 
1. EKYEdKJ is of order <4 
i 
cyclic of order u(d) = -u(j) 
according as 
. 
E has 
split multiplicative 
good or additive 
reduction mod p,. 
For n EN, the group E,(K) := ((x, y) E E(K) ) Y(X) G -2n) is a 
subgroup of finite index of E(K) such that 
2. &WJ/EIWJ g &(k). 
3. E,,(K,)/E,+,(K,)zE: for each HEN. 
We recall that in the case of good reduction, the elliptic curve E over E, 
satisfies the analogue of the Riemann hypothesis (cf. Cl, 6, 16, 20, 211) 
I~(L)l~l+s,+qhi. 
On combining these results we arrive at (cf. [4, 6, 11, 123). 
THEOREM 7. Let E be an elliptic curve over an algebraic number field K. 
I. If E has good reduction mod pv, then 
IE~o,tW)l I I%)l . P:* G (I+ 4" + 2 &I pt.'. 
II. If E has additive reduction mod p”, then 
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(4 IJ%~,(K)I I 22’+4. 3 for P, = 2, 
(b) lETOR(K)1 I 22. 32t+ 3 for pU = 3, 
(c) lETOR ) 22.3.52’+2 forp,=5. 
Here 
0 
t= 
{ 
if pv-l>e, 
max{rEN 1 (p,- 1) pI,-‘<e,> ’ 
As a consequence of Theorems 6 and 7, we obtain (cf. [ll, 151). 
THEOREM 8. Let E be an elliptic curve defined over a pure cubic field K 
having an absolute invariant j such that 
v(j) >, 0 for each valuation v of K such that pr ) 2 or 3. 
Then, up to isomorphism, the torsion group of E over K is one of the 
following groups: 
PI 
z/22 
z/22 Q z/22 
z/42 
EToR(K) z Z/32 
z/22 Q z/32 
z/22 Q ZJ6Z 
z/122 
z/5z 
Proof. It follows from Theorem 6 that there is a place pv ( 2 of norm 
N(&)=C?“=P”=2 
and that, for every place pV ) 3, 
VP”) = 4” = Pv = 3. 
Therefore, the Riemann hypothesis yields’ 
I%)I -= 6, 
if E has good reduction at this particular place p, 1 2, and 
IJw”)I < 83 
if the curve E has good reduction at any place pv I 3. 
(*) 
(**I 
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On the other hand, the hypothesis of Theorem 8, according to which 
u(j) > 0 for pU 1 2 or 3, entails that E has either good or additive reduction 
at these places p,. 
(a) Suppose that E&K) contains a point of prime order p 2 5. 
Then, by Theorem 7, E necessarily has good reduction at all places pv ) 2 
or 3. But then we gather from (*) that we must have p = 5. Choosing a 
place pu 1 2 such that N(p,) = 2 we conclude from Theorem 7.1 that 
0) PTORWl I 5 d4. 
On choosing any place pv ) 3 such that N(p,) = 3 and observing (**), we 
derive from Theorem 7.1 that 
(ii) lETORUOl I 5.3*. 
Together, the divisibility relations (i) and (ii) lead to the equation 
IJ%o,W)I = 5. 
(b) Suppose that EToR (K) does not contain a point of prime order 
p 2 5. Then Theorem 7.11 yields that 
(i) JETOR(K)J I 2’ - 3 if E has additive reduction at p, ) 2, and 
(ii) (ET&K)/ ) 2* .35 if E has additive reduction at pv 1 3. 
On combining all possible cases of good or additive reduction at pv ( 2 or 
3 and taking the relations (*), (**), (i), and (ii) into account, we end up 
with the divisibility relation 
IGmW)l I 2*-3. 
This proves Theorem 8. 
6. TORSION GROUPS OVER PURE CUBIC FIELDS 
Now we wish to discuss which of the possible maximal torsion structures 
exhibited in Theorem 8 can be realized in the case of elliptic curves with 
integral j-invariant over pure cubic fields. In order to explicitly determine 
those curves, we shall use the parametrizations given in Theorem 3. Since 
our curves have integral j-invariants, we choose Y in Theorem 3 as the set 
of all infinite places of K The elliptic curves E having one of the torsion 
structures # (0) listed in Theorem 8 each depend on one parameter only. 
For the determination of these parameters, we have to solve the norm 
equations which arise from the corresponding parametrization of E given 
in Theorem 3. The various possible torsion groups will be discussed 
separately. 
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1. E&K) z z/122 
By Theorem 8, we know that there exists no elliptic curve E over a pure 
cubic field K with integral j-invariant and E,,(K) > Z/122. 
(a) Let K be of Dedekind type 1. Theorem 3, case 12, implies that the 
parameter E is an integer: E E OK. Thus, by Theorem 5, 
E=a+p$z+ypi, 
where a, fl, y E Z and a f +b mod 9. Hence we must solve the norm 
equations 
(1) N(E)=a3+f13ab2+y3a2b-3aflyab= &2”.3” 
(2) N(E--l)=N(E)-3a2+3a-l++fiyab= +l 
(3) N(E - 2) = N(E) - 6a2 + 12a - 8 + 6flyab = +2” 
for n~{O,1,2,3),m~{O,l}. 
By first combining (2) and (3) and then rearranging (2) we get 
a = :(A$ - 2) + N(E) - 2N(e - 1) + 6) 
flyab=f(N(c--l)-N(E)+3a2-3a+l). 
(*) 
(**) 
Now, for given values of N(E), N(E - l), N(E - 2), we calculate a according 
to (*) observing that a has to be an integer. By inserting this a into (**), 
we get fly&. Then we decompose flyab in all possible ways into factors 
fl, y, a, b and check for every possible combination of these factors whether 
or not the equations (l)-(3) are satisfied. By this algorithm we obtain two 
solutions of the above equations, viz. 
s,=2-$2, 
&*= -fi-qyi. 
The corresponding elliptic curves have the same fractional invariant 
J- ‘-y (7765956 + 6163452 $ + 4892209 3) 6 OK. 
Therefore, in this case, Z/122 cannot occur as a torsion group ET&K). 
(b) Let K be of Dedekind type II. Here E E 0, can be uniquely 
represented in the form 
E=f(a+fi~+y$GS), 
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where a, /I, FEZ, a =uflz by mod 3, a s _+b mod 9. Hence, we obtain the 
norm equations 
(1’) N(E) = &(a’ + f13ab2 + y3a2b - 3aflyab) = +2”. 3” 
(2’) N(.e-l)=N(E)+i(-a2+3a-3+Byab)= +I 
(3’) N(E--2)=N(E)+i(-2a2+12a-24+2/+zb)= +2” 
for nE (0, 1,2, 31, rn6 (0, l}. 
The algorithm described under (a) shows that there are no solutions of 
the equations (l’)-(3’) such that a, 8, y E Z, a = a/? = by mod 3 and 
a z +_ b mod 9. Hence we can summarize our findings in 
PROPOSITION 1. There is no elliptic curve E with integral absolute 
invariant j over a pure cubic field K having a torsion group ETOR(K) z 
z/122. 
2. ETOR(K) z Z/22 Q3 Z/62 
By Theorem 3, case 13, the norm equations to be solved are 
(1) iv(&)= +2” 
(2) N(E+~)= k2l.3”’ 
(3) N(E-2)= +23.3m 
(4) N(&-4)= +_2c 
for n, 8 E { 3, . . . . 91, m E (0, 1,2,3). 
(5) N(E-8)= +2”.3” 
By applying to Eqs. (l)-(5) an algorithm, similar to the one described 
under l., we deduce that there are no solutions EE 0,. Hence we have 
established 
PROP~SITITION 2. There is no elliptic curve E with integral absolute 
invariant j over a- pure cubic fteId K having a torsion group EToR(K) g 
Z/22 0 Z/62. 
We remark that Propositions 1 and 2 could also be derived from the 
results obtained in the subsequent case 3. 
3. E,,(K) “= Z/62 
By Theorem 8 and Propositions 1 and 2, we know that there exists no 
elliptic curve E over a pure cubic field K having integral j-invariant and 
torsion group EToR(K) > Z/62. 
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By Theorem 3, case 11, we obtain the norm equations 
(1) N(E)= +3” 
(2) N(&+l)= +_2” for no (0, . . . . 6},m~ (0, . . . . 9). 
(3) N(&+9)= +N(&)*N(&+l) 
By the methods introduced in 1, we find the six curves listed in Table V. 
Two of them are already defined over Q, whereas the other four are defined 
over the pure cubic field K= Q( $). 
4. E,,(K) z Z/42 
Theorem 8 and Proposition 1 imply that there exists no elliptic curve E 
over a pure cubic field K with integral j-invariant and ETOR( K) > Z/42. 
(a) Let K be of Dedekind type I. By Theorem 3, case 3, we have to 
solve the norm equations 
(1) N(E) = a3 + fi3ab2 + y3u2b - 3aflyab = f2” 
(2) N(E + 16) = N(E) + 48a* + 768a + 4096 - 48j3yab = _+2” 
for n, rnE (0, . . . . 24). 
Put A := (&)(N(E + 16) -N(E) - 4096). This leads to the equations 
a= -8+ A+64+fiyab, (*) 
/?yab = a2 + 16a-A. (**) 
Since a, flyub E Z, we see that 
N(E + 16) - N(E) - 4096 z 0 mod 48. 
(i) If Pyub < 0, then, according to (*), we have 0 < lfiyubl <A + 64, 
and 
Byab = -(A + 64) + z* with z E Z, 0 <z < Jm. 
Thus, for a given A, there are only finitely many z E Z satisfying 0 <z < 
,/m. Hence, for a given z, we get 
a= -8+,/A+64+Pyub (0) 
and 
Pyub = -(A + 64) + z2. (@O) 
Now, we apply an algorithm analogous to the one discussed in 1, observing 
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the relations ( 0 ), ( 00 ) for CI, pyab. As a result, we get that in the case of 
j3yab c 0, there are only finitely many pure cubic fields K and parameters 
E=a+@z+y$& 
satisfying conditions (l), (2) of case 3 of Theorem 3, i.e., 
0 d u&), u+,(E + 16) ,< 80,(2) for all up of K 
(ii) If fiyab > 0, then we proceed as follows. On the one hand, by 
(**), we have 
0 < ( p3ab2 - y3a2b)* = ( p3ab2 + y3a2b)* - 4( pyab)3 
* ( p3ab2 + y3a2b)* 2 4(J?yub)3 = 4(a2 + 16cr - A)3. 
On the other hand, by Eqs. (1) and (**), we know that 
( /33ab2 + y3a2b)* 
= ( -a3 + 3a/3yab + N(E))* = (2a3 + 48a2 - 3Aa + N(E))* 
=S 4(a* + 16a - A)3 - (2a3 + 48a* - 3Aa + N(E))* < 0 
0768a4+(16348-4N(c)-96A)a3+(3A2-96N(c)-3072A)a* 
+ (192A* + 6AN(&))a + ( -4A3 -N*(E)) ~0. 
Now we see that the last relation can be satisfied only for finitely many 
aE Z. For each of those aEZ, we calculate the entity jyab by employing 
(**). The results are listed in Table IV. 
(b) Let K be of Dedekind type II. In this case, by Theorem 3, case 3, 
we have to solve the norm equations 
(1’) N(E) = &(a’ + p3ab2 + y3a2b - 3a&zb) = _+2” 
(2’) N(E + 16) = N(E) + f(16a2 + 768a + 12288 - 16/?yub) = 42” 
for n, m 6 (0, . . . . 24). 
Here we get from (2’) 
a= -24+ A+576+Byab, 
/?yub = a* + 48a - A. 
Proceeding analogously to the case of Dedekind type I, we obtain no 
additional curves in this case. 
Altogether, as basic fields, we obtain the pure cubic fields K= Q(G) 
for D E { 2, 3, 5, 311, and these are all of Dedekind type I. 
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We note that the results of case 4 are also a consequence of those 
obtained in the subsequent case 5 if one employs 2-isogenies. 
5. ETOR(K) 2 Z/22 0 Z/22 
On the basis of Theorem 8 and Proposition 2 we see that there exists no 
elliptic curve E over a pure cubic field K having integral j-invariant and 
torsion group ET&K) > Z/22 0 Z/22. In the preceding case 4, we have 
calculated all basic fields K and all parameters E satisfying conditions (1 ), 
(2) of case 3 of Theorem 3, viz. 
0 <Z+,(E), UJE f 16) 6 80,(2) for all u, of K. (*I 
Here, by Theorem 3, case 2, we have to determine all basic fields K and all 
parameters E’ satisfying conditions (1) (2) of case 2 of Theorem 3, i.e., 
0 < up(d), u,(E’ - 16) < 8u,(2) for all up of K. (**) 
On putting E’ := E + 16, we see that there is a one-to-one correspondence 
between the parameters E satisfying (*) and the parameters E’ satisfying 
(**). Thus, by Theorem 3, we eventually get infinitely many elliptic curves 
E which, however, are only twists of the curves belonging to a finite set of 
invariants j. They are all listed in Table III. 
In this connection we recall the following well-known (cf. [4]) 
Fact. All elliptic curves E with a fixed absolute invariant j # 0, 123 over 
‘an arbitrary algebraic number field K have the same number of K-rational 
torsion points of order 2. 
6. E,,,(K) > Z/22 or ETOR(K) 2 Z/32 
In the case of ET&K) > Z/22, by Theorem 3, case 1, we have to solve 
the norm equation 
N(E) = +2” for no (0, 1, . . . . 36). 
The solutions yield infinitely many curves E and infinitely many basic pure 
cubic fields K. By specializing to the field of rationals K = Q, we obtain the 
parameters 
E= +2” for nE (0, . . . . 121 
and hence the absolute invariants 
j=271+24-93 for no (0, . . . . 12). 
This corroborates the result enunciated by Frey [S]. 
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In the case of ET&K) 2 Z/32, by Theorem 3, case 8, we have to solve 
the norm equation 
N(E)= 23” for no (0, 1, . . . . 18). 
As in the previous case, the solutions yield infinitely many curves E and 
infinitely many basic pure cubic fields K. By specializing to the field K = Q, 
we obtain the parameters 
&= 23” for n E (0, . . . . 6) 
which again lead to the absolute invariants listed by Frey [S]. 
7. ET&K) z Z/SZ 
By Theorem 8, we know that there exists no elliptic curve E over a pure 
cubic field K with integral j-invariant and a torsion group ET&K) > Z/5Z. 
By Theorem 3, case 14, the norm equations to be solved are 
(1) 
N(E)= _+l 
N(E2- ll&- l)= +_5” 
for n E (0, . . . . 9}. 
We put D := ab2, 6 := @, and S := $%, and assume that a > b. We 
shall now find all values of D such that there exists some parameter E E OK 
for which (1) holds. 
We shall use the polynomial g(x) = x2 - 11x- 1. If EE UK, then 
fj= -l/&E UK, and the expression g(q) =cP2+ 11~~’ - 1 has norm 
N(g(q)) = -N(g(s)). Hence, if E is any solution of (l), then so is q. There- 
fore, if (1) has a solution E in a given field K, then, with no loss of 
generality, we may choose E to satisfy (~1 > 1. 
We now prove the following 
LEMMA. Zf 1.~1 > 1950, then E cannot be a solution of (1). 
Proof Suppose that (EJ > 1950 and EE UK. Since IN(s)I = (a E’ ~“1 = 
(~1 (dj2= 1, we have 
If (1) holds, then 
IWd&)YNE)l = 5”, 
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where n E (0, . . . . 9}, Hence, we have 
(2) la-ll-!I /~+11--~‘/‘=5~ for n~{O,...,9}. 
Now 
1 I I 1 1<11+- ll+i G1l+I&l 1950 
so that 
I I 1 s-11-; >1950-ll-- 1950’ 
Furthermore, since 
and 
we obtain 
/;+11-+44-ll--$ 
35 
(*) 
(“*I 
By virtue of the inequalities (*) and (**), we derive the estimates 
pv( g(E))/N(&)( > (1950 - 11 - &)(44 - 11 - &)’ > 2 . lo6 > 5g, 
contradicting the relation (2). This proves the Lemma. 
The Lemma shows that there is no solution of (1) in any pure cubic field 
K whose normalized fundamental unit E,,( > 1) is suficiently large, viz. 
Ed s 1950. On the other hand, Cusick [2] has shown that for any cubic 
field K with discriminant A, < 0, the regulator satisfies the inequality 
R = log E,, 2 4 log() A,(/27). 
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Since, by Theorem 5, 
A, = -27(ab)2/a2 for d = 
1 when a f +b mod 9 
3 
when a s +b mod 9, 
we obtain the upper estimate 
Therefore, in order for (1) to hold in K= Q(s) we must have the 
inequalities 
ab ,< 0~;‘~ < a( 1950)3’2 <,86110. (T. 
This effectively bounds those values of a and b for which Eq. (1) has a 
solution E in K However, in our case we can do somewhat better than this 
result by establishing the following lower bound for the regulator. 
THEOREM 9. If R is the regulator of a pure cubic field K= Q(s), then 
R > 2 log( (36 - 0)/20). 
Proof Let q = EC’ < 1. Since q E OK, we have 
q = (r + SS + tS)/a, 
where r, s, t E Z. If w  is a primitive cube root of unity, we also have 
rj’ = (r + so6 + to2S)/o, 
q” = (r + sw26 + toS)/a. 
From these three equations, we infer 
3s6 = o(q + co2$ + w&q, 
3tS= fT(q + oy + o+‘). 
By taking absolute values, we get 
3 I4 w, 3 I4 J/o6 I?1 + WI + WI = hl + 2 h’l < 1+2 WI. 
Since 1 = N(q) = q 1$12 = lq’l’/ so and hence )q’( = A, the last inequalities 
assume the shape 
(SI 6, ItI s< o(1 + 2 J&)/3. 
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Now, if 
6 > u( 1 + 2 &0)/3, 
then t = s = 0, which means that r = IS and 4 = 1. Since this is not possible, 
we must have 
& 2 (36 - 0)/20, 
and the theorem follows immediately. 
From the assertions of Theorem 9 and the preceding Lemma, we 
conclude that if (1) has a solution in some field K = Q(S), then 6 = w  
necessarily satisfies the inequality 
(36 - a)/20 < $950. 
Hence, we obtain for D = ab2 the upper estimate 
D < 263910’. (0) 
Having derived this upper bound on D, we can now search for all those 
fields K= Q(D) f or which s0 < 1950 by applying Voronoi’s algorithm. 
For this purpose we utilized the version of this technique discussed in [ 191. 
Starting with the ideal a, = 0, = (l), the algorithm produces a sequence of 
ideals of K 
a,, a2, . . . . a,!, a,, , , . . . . 
(where these ideals are expressed in terms of their integral bases) and a 
sequence of elements of K 
such that 
@i’( > 1) (i= 1, 2, 3, . ..) 
tUa,)~Ja, = (Ua,))a,, 
where L(a)=min{anN} and 
n-1 
8, = n 6;). 
i=l 
The algorithm is completely periodic; that is, there exists a minimal v > 0 
such that av+k- - ak for all K E N. The fundamental unit is then obtained as 
where v is the least positive integer such that a, + , = a, . 
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TABLE I 
D Regulator r s 1 
3 1.5246814 
5 4.8119865 
6 5.7899321 
7 2.4410565 
11 5.5872066 
12 5.1058355 
13 5.6420580 
14 4.4655131 
20 3.4937694 
39 7.3696281 
43 4.9914033 
52 6.4409389 
63 3.8659607 
65 3.8763780 
76 6.8189205 
86 7.4354453 
110 7.4103460 
124 4.3148131 
126 4.3201465 
150 6.7007266 
182 6.7651068 
252 7.0361462 
254 6.9874416 
342 4.9894597 
490 5.3612261 
511 5.2568438 
614 6.7649711 
850 6.9304919 
1001 5.7041157 
1150 7.2320088 
1300 5.9737902 
1330 5.9841523 
1332 5.9846532 
1694 6.1420235 
1911 7.2806659 
1953 7.5363426 
2196 6.2283593 
2198 6.2286627 
2743 6.3760055 
2745 6.3768484 
4095 6.5750700 
4097 6.6437083 
3332 6.6437083 
7942 7.1364813 
7999 7.0900352 
8001 7.0901185 
10649 7.2807285 
12166 7.3695733 
13754 7.4938730 
15626 7.5363853 
2 0 1 
1 -4 2 
1 -6 3 
2 -1 0 
1 4 -2 
1 3 -3 
-4 -3 2 
1 2 -1 
1 1 -1 
-23 0 2 
-7 2 0 
1 -4 1 
4 -1 0 
-4 1 0 
1 4 -1 
-7 6 -1 
1 -5 1 
5 -1 0 
-5 1 0 
1 3 -3 
-17 3 0 
1 3 -3 
19 -3 0 
7 -1 0 
1 1 -1 
8 -1 0 
17 -2 0 
1 -2 1 
-10 1 0 
1 2 -1 
1 1 -1 
11 -1 0 
-11 1 0 
1 1 -1 
22 0 1 
25 -2 0 
13 -1 0 
-13 1 0 
14 -1 0 
-14 1 0 
16 -1 0 
-16 1 0 
-16 1 0 
1 1 -1 
20 -1 0 
20 1 0 
-22 1 0 
23 -1 0 
1 1 -1 
-25 1 0 
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If we define T,, = log 13, = T,- i + log t?F’, we see that T,, increases with 
increasing n, and TV + , = R is the regulator. Thus, in order to find all fields 
K= Q(D) such that a0 < 1950, we used Voronoi’s algorithm to determine 
those values of T, + I such that T, + 1 < 7.6 for all values of D satisfying (0 ). 
If, for any such D, we found that T,, > 7.6 when n < v + 1, then computa- 
tions concerning this D-value could be suspended, as Ed > 1950. The entire 
process required only a few minutes of computer time2 to execute. We 
exhibit the results of this run in Tables I and II. Specifically, we display the 
value of D, the regulator R of K = Q( fi), and the fundamental unit of K 
in the form E; ’ = (r + $6 + t&/a. Notice that we obtained only 51 values of 
D such that s0 < 1950 and d = 1 (Dedekind type I) and an additional 23 
values of D such that s0 < 1950 and c = 3 (Dedekind type II). These are the 
only possible values of D for which we could find an E E Q( fi) satisfying 
(1). 
For each of these 74 remaining values of D, we used the computer to 
TABLE II 
a=3 
D Regulator r s t 
10 3.1485496 -7 -1 2 
17 6.8792986 54 -21 0 
19 2.6290730 2 2 -1 
26 3.2833095 9 -3 0 
28 1.6540042 -1 -1 1 
35 5.6279057 -22 10 -1 
37 5.7034490 30 -9 0 
91 5.4926040 27 -6 0 
215 4.6805852 18 -3 0 
217 4.6836717 -18 3 0 
305 7.0715892 -22 10 -1 
422 6.5148114 -45 6 0 
730 5.4935184 -27 3 0 
1727 6.0682326 36 -3 0 
1729 6.0686184 -36 3 0 
3374 6.5146139 45 -3 0 
3700 5.5722553 -7 2 -1 
5833 6.8794130 -54 3 0 
9260 7.1876212 * 63 -3 0 
9262 7.1876932 -63 3 0 
13823 7.4546958 72 -3 0 
13825 7.4547441 -72 3 0 
16606 7.0892731 -43 -1 2 
2 On an Amdahl 5870. 
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determine whether or not (1) could hold for any E E a(,@) such that 
I&J < 1950. In order to do this we simply evaluated 
M@)++ll-;)I (=(N(&2-H&-1)1) 
for each E such that E = +E: with m < 7.6/R. The reason we evaluated 
N(E - 11 - l/s) as opposed to N(s* - 1 la - 1) is that the coefficients of 1, 6, 
and 8 for l/s are smaller than those of .s*; this ensures that in the process 
of evaluating the norm we do not exceed the one word precision of the 
machine. 
For only one value of D did we find a value of M(E) which is a power 
of 5. This occurred for D=2, a=.@, and e=sg=5+4@+3$. In 
this case, M(E) = 5 . 4 3 The corresponding elliptic curve E in short 
Weierstrass normal form is to be found in Table VI. 
7. THE MAIN THEOREM 
On summing up the results of our computations in Section 6, we arrive 
at our main result stated as Theorem 10. 
TABLE III 
E,,(K)zZf22@2/2Z;E: Y2=X3+AC2X+EC3;A,B,C~K,K=QorK=Q(~a~) 
K i A B 
Q 123 
Q(s) 2’. 3’(2 + fi+ 3) 
Q(fi) 22.33(145+99$ 
+57yiQ 
Q(s) 26,32(4+3,$ 
+2$$ 
Q($) 2’.3*(103+55$ 
+31 JF5) 
Q(m) 2’.3’(1975+629fi 
+ 199 Jm, 
-1 
-6(10+9$+7$) 
-3’(17521+ 12291 $ 
+ 8473 $, 
-3(40+27@ 
+19*) 
-3(22115+ 13495 3 
+ 1923 m) 
-3(11566427 
+3681989 fi 
+ 1172139 fl) 
0 
2=(74 + 57 fi+ 45 fi) 
2. 32(2292817 
+ 1589667 $‘? 
+ 1102841 $‘) 
2(373+261 .@+ iSO,@) 
lO( 1103975 + 643923 3 
+ 376431 fi, 
2(67858233331 
+21601400877fi 
+ 6876401907 m) 
PROPOSITION 3. Let K=Q(.$@ b e a p ure cubic number field and E be an elliptic curve 
over K s.t. its absolute invariant j is integral and E =oR > Z/22 @Z/22; then E is birationally 
isomorphic over K to one of the elliptic curves in Table III. 
’ Curiously, this solution had been found earlier, by hand, by the second author CO]. 
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TABLE 1V.A 
E,,(K)rZ/4Z;E:YZ=X3+AX+B;A,B~K,K=Q 
j A B 
12’ 4 0 
23.33.113 -11 14 
2’.3’.11’ -44 112 
PROFQSITION 4. Let K = Q( fl) and E be an elliptic curve over K SJ. its absolute 
invarzant 1 IS zntegral and E,, (K) 2 Z/42; then E is birationally isomorphic over K to one of 
the elliptic curves in Tables MA-E. 
THEOREM 10. Let E be an elliptic curve with integral absolute invariant 
j over a pure cubic field K. Then, up to isomorphism, the torsion group of E 
over K is one of the following groups: 
TABLE 1V.B 
E,,(K)~Z/4Z;E: Y2=X3+AX+B; A,BcK,K=Q(fi) 
i A B 
24. 3*( -450 + 270 ,$ 
+71$, 
-3’(16-168+$) 22.34(11-16$+5$) 
2’. 32( -450 + 270 $ 
+71 yi, 
3”(8+10$+11$, 22.34(25+19$+13$) 
23 .3*( - 3630 + 1650 J-2 
+ 1081 $s/;i, 
-3’(37+20$+19$) 2.Y(97+67fi+58$4) 
2”.3’(-3630+1650$ 
+ 1081 $) 
-2’. 33(37 + fi- 16 $) 2’. 3“(43 + 10 $I’- 32 43/s) 
23 32( 106620 + 84594 $ 
+ 67129 $, 
-3’(1+14$+Jz) 2.34(-l+11 a+11 ,j$ 
23 32( 106620 + 84594 .$ 26.34(-1 + 11 11 
+ 67129 $, 
-23.3’(2+s+14fi) @+ 1:) 
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TABLE 1V.C 
E,,(K)~Z/~Z;E:Y*=X’+AX+B;A,BEK,K=Q($) 
i A B 
24. 3*(1 - 18 3 
-elZ$) 
24 3”(1- 18 JT 
+12$y 
23. 3’(25 + 171 $6 
-71 $i) 
2”. 32(25 + 171 ,j’? 
-71 J$ 
23 .3*(3523-2091 ,@ 
- 242 $3, 
2I. 3’(3523 - 2091 $ 
- 242 $i, 
2.33(-60211 +48015 @ 
- 4323 $) 
2.3’( -60211+48015 $ 
- 4323 $) 
2.33(11486411 
+ 7964217 $ 
+ 5522091 fi) 
2.33(11486411 
+ 7964217 $‘? 
+ 5522091 $) 
2’. 3’(190702 
+132C96$ 
+ 91705 $9, 
23. 3’( 190702 
+ 132096 $ 
+91705 *, 
-34(1+2$+$$ 
-3’(11+$-6fi) 
-33(39 f21 JG+ 19 $4, 
-23. 33(27 + 33 $- 29 $i) 
3’(6+9$+11 fi) 
-22.3’(33-30$+$$ 
-34(44+28$t19,$) 
-22.34(305-125 $ 
-39@) 
-34(-4+*+4$q 
-22-34(65+115$ 
+41$x$ 
-2=.3’(27-27 $? 
+31 fi) 
2.3’(248+171 $+119$) 
2.35(22+9$-11$i) 
2.3’(113+75$+57$@ 
2’.34(61-153$+69,@) 
2.34(76+51 ,@+27fi) 
24. 34(64- 87 $“?+ 21 $) 
2.3~(151+102$+70~) 
24. 3’(3481- 1797 $6 
- 383 $) 
2.3’(-1+12$-4$) 
24.35(719 + 957 $5 
+ 55lfi) 
24.34(-65-27$ 
+111$) 
24. 3’(62 + 87 fi+ 21 ,$) 
It also follows from Section 6 that there are only finitely many elliptic 
curves E with integral absolute invariant j over a pure cubic field K having 
a torsion group of order 
lEmW)I ’ 3 
and isomorphism type 
Em(K) 2 Z/235 0 WZ. 
For the isomorphism type excluded there are only finitely many associated 
absolute invariants j. Moreover, those elliptic curves E with integral 
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TABLE 1V.D 
E,,(K)z2/4Z;E:Y2=X3+AX+B;A,tkK,K=Q($) 
j A B 
2.3’(327 - 13 $ 
+15,j%-, 
2.32(327-13 J3 
+15*) 
2*.3*(-2007+1135$ 
i24,j’%) 
22.32(-2007+1135$ 
+24$&) 
2.3*( 1697607 
+ 995183 $3 
+ 585273 ,j%, 
2.3*( 1697607 
+ 995783 $ 
+ 585273 a) 
-34(43+23 $+ 19 j/Ts) 
22.33(77 - 335 $3 
+ 101~) 
3’(2+7 $i+ 11 ;I%) 
-33(73-58$+$x) 
-22.33(1123-385$ 
+ 139 $55, 
-3)(193+62$+$5) 
24. 34( -3493 + 2071 $ 
+ 259 a) 
2. 34( 200 - 263 $6 + 43 fi, 
24.34(10717-6271 .$ 
+ 2993 4%) 
2.34(892 + 431 J% 
t41 Jz) 
TABLE 1V.E 
E,,(K)zZ/42;E:Y2=X3+AX+B; A,BEK,K=Q(~) 
i A B 
2.3*(-1713+529$% -3’(427+ 133 m 2 
+15$%l) 
.3”(463 + 145 ,$l+ 47 
+43 $Kl, 
$%l) 
2.32(-1713+529$i - 22 .3’(835 + 157 @i 24 
+15JKl) 
34(4243 + 4429 fi 
- 125 .$%i) - 
2=. 3’( -3333 - 1729 $6 
1837 j/961) 
-3’(142+43 J% 2 
+ 888 $zi, 
3y5354 + 1703 $5 
+13$iz) + 541 @cl, 
2l. 3*( -3333 - 1729 $i -3’(193-62 $i 
+ 888 $%i, 
2.34(90k431 $%+41,$&i) 
+*, 
2 .32(833748123 -22.33(,$i-82 fi 24.34(-5083+1787$i 
+ 265408057 fi + 115 @iii, 
+ 84487737 $zT) 
+ 997 @cl, 
2’3l(833748123 -3’(73 + 58 ,j’?i+ J’%) 2.34(188+263fi 
+ 165408057 $i f43 $&ii, 
+ 84487737 $zl) 
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TABLE V 
E,,(K)=2/62; E: Y2=X’+AX+B; A,BEK, K=Q or K=Q(,@?) 
K i A B 
0 0 1 
z4.33.53 -15 22 
Q($) 0 0 -27 
Q($“% 24.33 .53 -135 -594 
QLj’% -215.3.53 -2’.3’.5(4+3$ 3*.11.23(5+4,@ 
Q&j’?) 24. 3.5’(8389623817 
+2$I) 
32.5(-3+20$ 
+3#i) 
+ 6658848836 ,@) 
2~32(-lo01-106,@ 
+ 738 
+ 5285131824 3) 
-168) 3) 
PROPOSITION 5. Let K = Q(e) and E be an elliptic curve over K s.t. its absolute 
invariant j is integral and E TOR 3 Z/62; then E is birationally isomorphic over K to one of the 
elliptic curves in Table V. 
invariant and torsion group of order >3 are defined only over finitely 
many pure cubic fields K which are all of Dedekind type I, viz. 
K=Q($@ with b=landa=2,3,5,31. 
They are all in Tables III-VL4 
8. TABLES OF ELLIPTIC CURVES 
The elliptic curves in the tables are all given in short Weierstrass normal 
form over K using the notation introduced in Section 1. Tables I and II 
concern the basic pure cubic number fields. 
TABLE VI 
ET0,q(K)zZ/5Z; E: Y2=X3+AX+B; A;BEK,K=Q(,$) 
i A B 
2*(103+26 $+32 .$i) 22.33(132-96 s-7 3) 24:33(1303+576 s-1278 $) 
PROWITION 6. Let K=Q(.-$@ and E b e an elliptic curve over K S.I. its absolute 
invariant j is integral and ETOR(K) 3 h/52!; then E is birationally isomorphic over K to the ellipfic 
curve in Table VI. 
4These tables have been produced on a Siemens PC MX-2 by means of the computer- 
algebra system SIMATH. 
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